V. Compressible flow of inviscid

fluids
* Governing equations for v =10, p # const:
op
— . :()
-+ V-lpu]
ou
p— -olu-V)u=-V p



Alternate forms of energy equation

Equation for enthalpy A=¢e + p/p

P ZIZ | p(u°V)h=%f HuV)p+ VeV T

(derivation — similar to what we did in Ch. 10)

Equation for negligible heat conduction and
perfect gas

Start with



For perfect ideal gas,
e=e(T)=c,T, p=pRT
In this case

De_De DT _ DT
Dt DT Dt " Dt

From continuity equation,

V'(D")=Vp°u+pv°u=—%
V=G Vo) 32



Insert

De DT 1 Dp
) Viu=—p Dt
Into the energy equation -
DI p Do
C ——=
"Dt P Dt
Recall that (for ideal gas) 7= p/(pR)
D p | _pDp
C —
"Dt \pR| P Dt
Sl Dp Dp|_pDp
R \" D D | P D




¢ Dp ¢ pDp p Dp
R Dt RP Dt P Dt

Multiply both parts by R/(c p)
1 Dp 1Dp R1Dp 1Dp
pDt PDt ¢ P Dt P Dt

R

Note that R=c - ¢, soO

R c¢,t¢c,—c, ¢
| +—= ——=—t=y
C C C

Vv Vv Vv

With that,

1 Dp Y Dp or D Y
—(log p—1lo =0




Integrate for the same fluid volume:

% =const

P
Isentropic law (inviscid fluid, no heat transfer)



11.1. Propagation of infinitesimal
disturbances

(a.k.a. linear acoustics)

 Assumptions

* 1D setting (x-axis only)

« Perfect gas initially at rest

 No heat conduction

« Small disturbance propagates in x-direction

« Governing equations
o Continuity (1D):

_ op, 0 _
0 = 3ty Pul=0

!

<

="

=
|



* Momentum (1D)

ou 8u (%t l1op

pg Pl VIu==Vp - Frruzt=—571
* Energy (perfect gas, no heat transfer)
%zconst

For isentropic gas, p = p(p), SO

op_dp 0p

ox dpox
Rewrite continuity and momentum with this -
op op , Ou ou 6u 1 dp Op
—+ | :O O
or  "ox ' ox ot “ox Pdpox



Assumptions for linearization

Hydrostatic value
p=pytp'
P=PytpP’
u=u'

Assume perturbed (') values to be small, plug into
governing equations...

Product: 2nd order

—(pg+p’ )+<%(po+fp [+(potp’ )a” ~0

p, = const p, = const

0

Ot 0Xx

Product: 2nd order
op' 5 ou'
ot P oy

=0



Product: 2nd order Not a function of x

u' v ont 1d[petp)dptto)

| | 0
Ot . ox P dp \ @x/
Note that Product: 2nd order
dip,+p' 2
potp])_dp +pr L T
ap P P=PoP=Pe dp P=PoP=p
p po_l_p’ po 1_|_p!/p0 pO po

Thus after linearization
ou' 1 dp|op’

0
ot p, dply 0x




Differentiate first equation (continuity) in ¢
0’p',  Ou' _
—+0g =0
Ot Ox Ot
Take second equation (momentum), multiply by
p,, differentiate in x
) o’u' dp| 0p’
0 5t ax d P 1o axz

=0

Subtract the two equations to eliminate the cross-
differential term

o°p' dpl| &°p’

—()
o> dplo ox’




Now differentiate continuity in x
o°p’ ) 0'u' _
ﬁtﬁ X 0 @ _x2

...and momentum in ¢
o’u' 1dp| &p'

o2 P, dplyoxdt

0

0

Multiply first equation by...
1 dp
Po dP o

hen subtract first equation from the second



O’u' dp|o’u’

=0
ot° dpl ox’
Let
e dp
aO: — Speed of sound
dpl

Equations can be rewritten as

/ 2 7
P',—a,P =0 DAlemberts equations

' (wave equations)

u tt_agu ’xx:O
General solution for p' (same form for u')
0 ’Zf(x—aot)—l—g(x+a0t)

Wave traveling Wave traveling
right left



For this theory (linear acoustics) to work, must
have: o' , ,

P «1, £ «1, L«
Po Po d

Speed of sound in perfect gas — evaluate using
Isentropic energy equation

p_Po P
p* Py Po
ap _ ., v-1Po_y yPo_Yy
ap Y0 oy PP et
Also for ideal gas p = pRT, sO
dp _ Y
— —vRT



Thus for the speed of sound we can write

P
ay=+YRT,=\y 5,




11.2. Propagation of finite disturbances

Start with governing equations from previous
section before linearization...
0P 0P ou
| | =0
ot "ox " ox
ou 814 1 dp Op 0

ot 8x pdpax

% =const

P

From previous section, u = u(p), p = p(p) only
(both also depend on initial conditions)




If u =u(p), we can also rewrite that as p = p(u)

Assuming the same dependence for finite-

amplitude case (p = p(u), p = p(p)), use chain rule
for derivatives in governing equations

@:dp(?u ﬁ_p:dpﬁu G_p:dpdp@u
ot du ot oOx duodx O0x dp du Ox

Continuity equation becomes...
dpou dpou Ou

du ot “auox Pax D

dp| ou ou ou
)

du(az “ax) P ox



For the momentum equation...
Gul 8ulldpdp8u
Ot 8x Pdpdudx
From continuity,
ou u@u: ll(dp)pﬁu dup@u
Ot Ox du| 0x dp Ox

Plug that into momentum, move pressure term to
the right, lose the - signs

duou 1dp dp du
dp 0x Pdpduodx

du 1 dp dp
dp Pdpdu

=0

P

P



du " 1 dp du_, 1 |dp
dp pz d p dp PN d O
Let = \/7_19 For small amplitude, a — q,
d p (speed of sound)

Then

Use these expressions to alter the momentum
equation...

2 P
a i_

ou 5u ﬁldpchaéu

=0
ot 6x Fhﬂ)duﬁx




For a forward-propagating wave (£ — +),
ou 8u| ou
ot ox  ox

Rewrite this as

=0

ou ou
3 (u—l—a)ax 0

A general solution of this equation (forward wave)
Any differentiable

function (particular
solution — from IC) \
uzf(x—(u—l—a)t)

Functions of x.¢




Use the polytropic equation to rewrite a in terms
of speed of sound q,

P _Po
P’ Py
dp d ( y Po y—1 Po
——=——1p S |=YP =
dp dp\ P, Po
1/2 —1
_ dp_ y—l/po\ _\/ pO p YT
o dp_hp Po ) YPO(‘)O)

From previous section,

1P
dy=— Yp_;)



Thus
_ P 2
a—ao(p—o

Recall that we had...

Rewrite this using the expression with g

y—1 y—1
=t
2

Po

duzao(p%



4y (y—3)/2
du= = dp
Po
Integrate this in p to get
_ 2 %y
U y—1 1)z O +const
0
When p — p,, u — 0:
2
0= a,+const
y—1
Thus
2
CONSt = a,




Rewrite the expression for u

— 2 dy (y—1)/2 2 ;
y_lpéy—l)& y—l 0

— |

_ 2 o\ _

u_y_l(%(po) )

Recall that 5 y—1

a=affy)”

Thus . 5 (a_a)

y—1 ’



The same expression with respect to a:
—1
a=y u-+a,

2
The general solution was of the form...

uzf(x—(u—l-a)t)

Wave
speed

For wave speed of the forward wave,

.Y+1

5 u

—1
U=u+a=u(1 | yz )Iaozao

The faster the local speed, the faster the wave
wants to go!



Evolution of a finite-amplitude velocity
disturbance

\AS




Evolution of a finite-amplitude velocity
disturbance

\AS




Evolution of a finite-amplitude velocity
disturbance

V =




Evolution of a finite-amplitude velocity
disturbance

Oops... multivalued velocity
and pressure... cannot have
this!

\AS



Note: this problem arises only for a positive-
pressure perturbation (a negative-pressure finite
perturbation, a.k.a. rarefaction wave, will disperse
nicely)




What really happens to finite-strength positive-
pressure perturbation in gas...

Piston velocity
P=pS,P=pS,u=uSK (less than U) P=DPpP=pypu=0

Shock front speed U

Mach number
M = U/a0> |

\ n
Here continuum

approximation breaks

Shock front

Ernst Mach
1838-1916 v down!




Explosion of Tsar-Bomba (AH602, ~60 megaton
thermonuclear device), Kurchatov, Khariton,
Sakharov



Explosion of Tsar-Bomba (AH602, ~60 megaton
thermonuclear device), Kurchatov, Khariton,
Sakharov



MG65 atomic cannon test (Upshot-Knothole test series, 1953)



\ |

MG65 atomic cannon test (Upshot-Knothole test series, 1953)




11.3. Rankine-Hugoniot equations

Normal shock

(as-opposed-o
p:plap:plau:ul p:pgap:pzau:uz Crazy mad ShOCk)

Reference frame moves to shock front)

with shock front (discontinuity in
the framework of continuum
theory, width ~ 1 mean free path
of a molecule)

Shock front

PyU =P, U,

Conservation equations

Momentum jump on the interface due to pressure difference

2 X 2
P,u,T™p,=p,Uu,
A v

Momentum fluxes

|
P>

Pierre Henri

Hugoniot
(1851-1887)

Mass

Momentum



Energy equation
”12 | T “; | T
2 ¢ pl= 1 2 Cp2 2

Rewrite enthalpy per unit mass c,T using ideal
gas equation p = pRT:

p_._ b _ %S4 p_y p

T: — —
“r C”pR pp(cp—cv) c,lc,—1 P y—1P

With that, energy equation becomes

— | y p2
2 y—1Pt 2 y—-1P




Divide momentum equation by mass equation...

> 2 _
PU+ p1=pPU,+p, P U, =P U,
| pl | p2
Ml | :Mz |
P, U, P U,
Rearrange

D P, P17 P>
Uy=U,= =

PyUu, = PU, P U,

(mass equation)

Multiply this by (v tu )

uz_uz_pl_pz(u y )_
2 1 2 1
P, U,




Divide mass equation by p u

Pr_
P B U,
Use this to replace u /u, in energy equation

2> 2 PiT P2 Py 1 1
U,=u, = 0 0, I :(pl_pZ) 0, ' P,
1

Rewrite an earlier form of energy equation to get

22(yp1ypz

uz_ulzz y—1 P y—1 P




With a little tidying up...

Y (Pi P 1 1
2y—1(p1 pz)_(pl pz)(pz'pl)

Multiply by p,

Y P P
2 (p1p_?_p2):(p1_p2)(l+p_?)

y—1
Collect terms with density ratio, solve for it
Y+l
P, U, P1” y—] P> Rankine-
p—1= R — T Hugotniot
u equations
2 ¥ Pt D,

From energy eq. Y B 1



11.4. Conditions for normal shock waves

Across the shock, the flow is not isentropic

A D
log P1 % =const

P>
log—
P

This part cannot be
realized - violates 2™
law of
thermodynamics



With more algebra (using the expression we had
for velocity difference...)

2

Prandtl-Meyer relation

We will be able to use it, but first...
How exactly does the second law of
thermodynamics apply at the shock front?



Calorically perfect gas (Appendix E.5)

Perfect gas equation of state
p=pRT
Specific heat at constant volume
dq) _oe_oh fon_ Tap
dr|, oT oT |op ||oT|,

(Enthalpy 4 = e + pv)

C, =

Specific heat at constant pressure

dg| oh _ode [0e |[ov
aq | _on _ Py paa

“Zlar| ar ar oy

P




Perfect gas equation of state
p=pRIT < pv=RIT
pdv+vdp=RdT

dh=d (e+ pv)=de+ pdv+vdp

dh=de+ RdT
oh Oe
=R
ol 0T
From previous slide,
oe oh
C——1 C=—
v oT f oT
Thus
R=C —C

P Vv



Can further show that for perfect gas
eze(T)zf C. dT + const
h=nh (T)zf C,dT +const

Gas is called calorically perfect if

C, =const, C =const

Then for calorically perfect gas
e=e(T)=C,T+-const

h=nh (T)szT—I—const



Second law of thermodynamics

(Ap pe nd |X E . 8) Uniqiely determined by

the state of the system

Entropy s — thermodynamic variable of state

Consider a system in equilibrium state A

By adding heat Q to the system, we move it to
another equilibrium state B

Q=fjdq

Introduce entropy s so that the change in s
between equilibrium states A and B is

B dq Evaluated for reversible
f ——  process, i.e. change is so
A T slow that system remains in
thermodynamic equilibrium

SpTS8 4=




Statement of the second law of
thermodynamics

For any spontaneous process, the entropy
change Is non-negative

B Evaluated for reversible
> dq process
4T

Consider calorically perfect gas

sp—s,=|C logT — Rlogp] [CplogT—RlogpA



Now let states 1 and 2 correspond to ideal gas
before and after the shock, then

S,—8;=As=
=|C log T—Rlogp]z—[(]plog T—Rlogp]lz

T
=Cplog—2—Rlog&

I, P
For ideal gas, temperature 7' = p/(pR), SO

P20 P

As=C log Rlog—
TT PP, P

/ \
As=C logﬁ+log& —Rlog&

\ P pz/ P




Asz(Cp—R)log&—Cplog&

P P
Asszlog&—Cplog&
P Py
Ezlog&—ylog&
Cv pl pl

State 2 can be reached from state 1 by some kind
of quasi-equilibrium, slow isentropic (/) process,
then s, =5, and

E=O=10g&—y log b

C, P P1 s




We arrive at state 2 by shock acceleration (nearly
instant, thus definitely not isentropic) — use
subscript RH

AN P> -&

—=log——ylog
C P P

V

RH

From previous slide, use

P> P
log—=vylog|—
P | P1 |z
E:y log-&- _ylog-&-
C, P [s P1 |ry




From second law of thermodynamics,

As=Cy

/

\

log

P,

P,

1

log

_&_ \

Here As would be
negative




Some interesting corollaries
A shock wave is thermodynamically realizable if

10g%>0, log&>O
1 P
Recall that, from Rankine-Hugoniot equations,
P _ ™
pl uz
Thus
P _Misg



Definition for speed of sound from acoustics

section
. . Po
aO_\/YRTO_\/YE

Let a* =yp/p, use that to rewrite energy equation
yet again

2 2 2 2
u, a, u, a,

2 Ty—1 2 y-1
Use * subscript to denote the case when u = a
(M =1, sonic flow) and

ufl a. —azl' 1] y+l1 2
2Iy_1 *2Iy_1 )*

2(y—1



With more algebra (using the expression we had
for velocity difference...)

2

Prandtl-Meyer relation

From the second law of thermodynamics, we had

U
%=4>1
1 u2
Rewrite this as
2 2
u, u,




Earlier we had energy equation in the form...

uy 4y _uy 4

2 y—1 2 y-—1
We formally introduced * case from the right-
hand side of the same energy equation if M =1,

u=a=u,=a,

2 2
Ue Ay y+1 )
| — A «
2 y-1 2 ( y—1 )
Take energy equation in the form

2 2
U, a,  y+I ..

2 y—1_2(y—1




- 2
Divide both parts by u]

1 af 1 y+l a.
2 wly-1 2[y-1)u
M)
ai (1. 1 \2y-1)
U \2 I M?(Y‘”/ y+l
i [ MA(y-1)+2|2(y=1)
|\ 2Mi(y=1) | y+I




Flip it over...
u, _ Mi(y+1)

- =— >1
a;, Mi(y—1)+2

Mi(y+1)>M;(y—1)+2
Mi=>—M7+2
M >1

Moreover, from Prandtl-Meyer relation it follows

that
M,<1



